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Abstract 

In this paper we investigate non-compact FRW type Kaluza-Klein 
cosmology coupled with 5D energy-momentum tensor. The field equa- 
tions are solved by taking gravitational and cosmological constants as 
a function of time t. We use A(t) = eH^ to explore cosmological 
parameters including statefinder and discuss them for dust, radiation 
and stiff matter dominated eras. Also, we evaluate lookback time, 
proper distance, luminosity distance and angular diameter distance. 
We obtain a universe which is not compatible with current cosmo- 
logical observations at e = 6. However, for e > 6, the results are 
compatible with observational cosmology. 
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1 Introduction 

The observable universe is spatially flat and experiencing an accelerating ex- 
pansion confirmed by type la Supernova P, Sloan Digital Sky Survey [2], 
X-ray |3] and Cosmic Microwave Background Radiations It is believed 
that a fluid known as dark energy (DE) with large negative pressure is re- 
sponsible for this accelerating expansion. The most suitable representative 
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of DE is the cosmological constant. The observational cosmology suggests 
that the value of cosmological constant is 10~^^cm~^ but particle physicist 
predicts its value 10^^° times greater than this factor. This problem is known 
as the cosmological constant problem. In order to solve this problem, some 
people [5]- [9] considered the cosmological constant as a varying parameter. 

Dirac showed that some fundamental constants do not remain constant 
forever rather they vary with time due to some causal connection between 
micro and macro physics |10j. This is known as Large Number Hypothesis 
(LNH) which gained more attention after the discovery of accelerating ex- 
pansion of the universe. In the Einstein field equations, there involve two 
physical constants, i.e., the gravitational constant G (couples the geometry 
and matter) and cosmological constant A (vacuum energy in space). Ac- 
cording to the LNH, the gravitational constant should also vary with time. 
Zeldovich |TT] extended LNH by taking cosmological constant as A = ^Il^L^^ 
where is the mass of proton and h is the Planck's constant. He showed 
that A produces the same gravitational effects in vacuum as that produced 
by matter. Consequently, this cosmological term must be included in the 
physical part of the field equations. He also defined gravitational energy of 
the vacuum as the interactions of virtual particles separated by a distance 
where c is the speed of light. 

Many variants of A have been proposed for the better understanding of 
DE [12|. Ray and Mukhopadhay [13] solved the field equations by using 
three different forms of the cosmological constant, i.e., A ~ (-)^, A ~ (-), 
and A ~ p. It is shown that these models yield equivalent results to the 
FRW spacetime. Thus an investigation about the scale factor and other 
cosmological parameters with varying G and A may be interesting. 

Over the years, addition of dimensions and unification of forces have 
been irresistible for the researchers. Minkowski showed that time can be 
interpreted as a fourth part of special relativity. Similarly, electricity and 
magnetism were unified by Maxwell. In this connection, next step was to 
unify General Relativity (GR) and electromagnetism. The theory of Kaluza- 
Klein (KK) |I1]-[15] is the result of such an attempt. It is a 5 dimensional GR 
in which extra dimension is used to couple the gravity and electromagnetism. 
Overuin and Wesson [IS]- [IB] presented an excellent review of this theory. In 
a recent paper, Darabi [IH] studied the non-compact, non-Ricci KK theory 
and coupled the flat universe with non-vacuum states of the scalar field. He 
showed that the reduced field equations with suitable equation of state (EoS) 
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describe the early inflation and late time acceleration. 

Sliani et al. [20] introduced a new cosmological diagnostic pair (r, s) called 
stateflnder which allows one to explore the properties of DE independent of 
model. This pair depends on the third derivative of the scale factor, a, just 
like the dependence of Hubble and deceleration parameter on first and second 
derivative of respectively. It is used to distinguish flat models of the DE. In 
recent literature [2T]-[2n], this pair has been evaluated for different models. 
Jamil and Debnath [29] solved the fleld equations of the flat FRW universe 
with variable G and A. Pradhan [30] discussed solutions of the fleld equations 
and their consequences for the flat KK universe with variable A but keeping 
G flxed. 

In this paper, we take non-Ricci, non-compact FRW type KK cosmology 
with variables G and A and solve the fleld equations. We evaluate different 
cosmological parameters with the assumption that our universe is flUed with 
different types of matter. The scheme of the paper is as follows. In the next 
section, the KK model and its fleld equations are presented. In section 3, 
solution of the fleld equations and discussion on the cosmological parameters 
is given. Section 4 is devoted to compute lookback time, proper distance, lu- 
minosity distance and angular diameter distance. In section 5, we summarize 
the results. 



2 Model and the Field Equations 

The geometry of the Kaluza-Klein cosmology is deflned by the following 
metric [30] 

ds^ = dt" - a\t)\ — - + r\de^ + sin ^2^02) ^ q _ ^^2n^^2i 

1 — kr^ 

where a{t) is the scale factor, k = —1,0,1 is the curvature parameter for 
spatially closed, flat and open universe respectively. We assume that the 
universe is flUed with perfect fluid whose energy-momentum tensor is given 
by 

T^u = (p + p)u^,u^ - pg^^, (/i,z/ = 0,1,2,3,4), (2) 

where is the flve velocity satisfying u'^u^j, = 1, p is the energy density and 
p is the pressure of cosmic fluid. The Einstein fleld equations are given by 

RfMu - ]^Rgiiu + J^g^,u = SnGT^^, (3) 
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where Rfj_^, g^^j and R are the Ricci tensor, metric tensor and Ricci scalar 
respectively. Here we take the cosmological constant and gravitational con- 
stant, respectively, as A = A(t), G = G(t). Using Eqs.([T])-(l3]), it follows 
that 

87rGp + A = 6^ + 6-^, (4) 
SvrGp-A = -3- -3^ -34- (5) 
For a fiat universe k = 0, these equations reduce to 

8nGp + A = 6— = 6H^, (6) 

• 2 

SttGp - A = -3- - 3^, (7) 
a 

where if = - is the Hubble parameter. The continuity equation, T'^'^;,^ = 0, 
yields 

p + 4:H{p + p) =0 (8) 
while the EoS is p = (w — l)p, w G [1, 2]. Using Eqs.([6]) and ([7]), we have 

87rG[p + 4:H{p + p)] + 8nGp + A = 0. (9) 

Substituting Eq.® in this equation, it follows that 

8nGp + A = 0. (10) 

This shows that A is constant whenever G is constant and vice versa. Using 
EoS in ([8]) and solving, we obtain 

where Ci is an integration constant which can be found by using u = Uq and 
p = Pc (critical density) at time t = to, the subscript denotes the present 
value. Thus Eq. lITT]) becomes 

P=^- (12) 
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The deceleration parameter q is defined by 

^ = -^-§-2^ (13) 

where g < —1 for an accelerating universe. Inserting this value of q in Eqs.(l6]) 
and we obtain 

SttGp = 3H\q-l) + A, (14) 
SvrGp = QH^-A. (15) 

3 Solution of the Field Equations 

In this section, we solve the field equations and evaluate some cosmological 
parameters. We see that Eqs.dS]) and ([7]) indicate the dependence of A on 
Gp, (^)^, ^ and a~^. However, the case A ~ is not consistent for k = 0. 
Here we assume the following value of A 

A{t) = ei^^ (16) 

where e is an arbitrary constant. From Eqs.(l6]), ([7]) and ( fT6l) with EoS, it 
follows that 

H + co{6-e)=0 

which yields 

Hit) = -7 r • (17) 

^ ' (e - 6)ujt + C2 ^ ^ 

where C2 is another constant of integration and can be determined by using 
u = ojq, H = Hq at t = to, i.e., 

C2 = -J--a;oto(6-e). (18) 

-no 

Thus we obtain 

^(^\ ^ ^ ^ (ig) 

^' a 3 + Ho{6 - e){ujt - uoto) 

which leads to 

a{t) = cs[3 + Ho{6 - e){cot - c^o^o)]^, (20) 
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where C3 is the constant of integration. Substituting this value of a in Eq.( lT^ . 
we have 

p{t) = p,a^"«C3 ^"[3 + Ho{Q - e){ujt - c^oto)]^- (21) 
Using Eq. (fT9l) in (flGll . we have 

AW = 7 , ° ^. (22) 

[3 + /fo(6-e)(u;t-u;oto)]' ^ ^ 

Substituting Eq.fl?!]). the derivative of fl22]) in flTII]) and integrating, it follows 
that 



i72(6 - e)[3 + Ho{Q - e){ut - Uoto)] 



2e 
6-e 



G'(t) = " ' T — ■ (23) 

Inserting the value of H from Eq.( lT9|) in ( fT3l) . the deceleration parameter 
becomes 

, . _1 + (24) 

We take e > 6 so that g < — 1 for the accelerating universe. 

For [A + 1)D spacetime, the expansion scalar can be defined as [31] 



e = 4H = — ^ . (25) 

Ho{Q - e){ujt - Uoto) + 3 ^ ' 



(26) 



The statefinder pair (r, s) is defined as follows [20] 

'a r — 1 



aif3' 3(g-|)' 
Using Eqs.([T9D, (EO]) and (El]) in (El]), we have 

[3 + w(e - 6)] [3 + 2uj{e - 6)] 2u;(6 



9 ' 9 



(27) 



Notice that if we take e = 6, Eq.([6]) yields 87iGp = which implies that 
either G = or p = 0. The case G = yields A to be constant (ITU]) , which 
contradicts our assumption of varying A. For p = 0, EoS gives p = and 
hence Eq.([7]) yields H = implying that H{t) = constant for all time which 
is not possible. Thus e = 6 is not compatible with current cosmological 
observations. 
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For e > 6, solution of the field equations yields the following physical and 
geometrical parameters 



a{t) = C3[3 + Ho{6 - e){iot - iooto)]^^ , 

pit) = p,a^"°C3-^-[3 + ifo(6-e)(a;t-u;oto)]^. 
9ei/o 



m 

Git) 



+ Ho{<o - e){ujt - ujoh)?' 
HliQ - e)[3 + i/o(6 - e)(u;t - c^o^o)] 



2t 
6-f 



g = -1 + 

e -- 



uj{Q - e) 
3 ' 



Ho{6 - e){u}t - ujQto) + 3' 
[3 + a;(e-6)][3 + 2a;(e- 
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2w(6 - e) 
9 ■ 



(2^ 



Now we evaluate the above parameters for dust, radiation and stiff matter 
dominated eras by substituting u = 1, u = 4/3 and u = 2 respectively as 
follows. 



Case 1 (w = 1): 

In this case, we assume that our universe is five dimensional RW type non- 
vacuum, non-compact KK cosmology filled with dust matter. This case in- 
cludes the baryonic and non-baryonic matter and is called the dust dominated 
universe. Substituting a; = 1 in Eqs. (|2S]) for e > 6, we have 



a{t) = C3[3 + Ho{Q-e){t-uJoto)](^-^), 
9eHo 



pit) = p,a^'^°C3-^[3 + //o(6-e)(t-u;oto)]-«. 



Git) 



[3 + HoiQ-e)it-ujoto)]^' 
Hii6-e)[3 + Hoi6-e)it-cooto)] 
ATipca^^^c^"^ 
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e 



UeH, 







Ho{Q - e){t - oooto) + 3' 
[3 + (e-6)][3 + 2(e-6)] 



9 

2(6 - e) 



(29) 
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We see that all the parameters depend on e and time t if oq and Hq are 
known. Notice that for t — > oo, the scale factor, energy density and grav- 
itational constant diverge while the cosmological constant vanishes. Also, 
the expansion scalar becomes zero indicating no expansion in the universe at 
later times. 



Case 2 {u = 4/3): 

Here we assume that the universe is filled with radiations. In this case, 
Eqs.( l28|) become 

Pit) = p,a^-Oc3M3 + //o(6-e)(-t-u;oto)]^, 



A(t) 
G{t) 



9eHo 



q = -1 + 

e -- 



[3 + Ho{Q - e){lt - uJoto)r 

Hi{6 - 6)[3 + HojQ - 6)(|t - uptp)]^- 

-16 

47rpcao'^°C3' 

4(6 - e) 

9 ' 
36eHo 



H,{Q - e){At - uoto) + 9' 
[9 + 4(e-6)][9 + 8(e-6)] 



27 

K6-6) 



It is obvious from the above results that all the parameters depend on e and 
time t. 
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Case 3 (w = 2): 

If the universe is supposed to be filled with stiff matter then the corresponding 
parameters take the form 

a{t) = C3[3 + Ho{6 - e){2t - ujoto)]^ , 
pit) = peaoC3'"l3 + i7o(6-e)(2t-a;oto)]^, 



m 

G{t) 



9eHo 

[3 + Ho{Q-e){2t-uotoW' 

Hl{Q - e)[3 + ifo(6 - t){2t - woto)]^ 



q = -1 + 

e -- 



2(6 - 6) 

3 ' 
l2eHo 



Ho{6-e)i2t-LOoto) + 3' 
[3 + 2(e-6)][3 + 4(e-6)] 



9 

4(6 - e) 
9 ■ 



(31) 



It is mentioned here that cases of radiation and stiff matter show the same 
behavior as that of the dust case for late time. 



4 Observable Distances 

Int this section, we discuss some of the consequences of our work. In the 
expanding universe there are many ways to define the distance between two 
co-moving objects because the distance between them changes constantly. 
In the following, we evaluate lookback time and some types of distance like 
proper, luminosity and angular diameter distances |32]- 

4.1 Lookback Time 

The lookback time is actually the total time travelled by a photon. If a 
photon is emitted by a source at time to and is received by an observer at 
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time t then the look back time t — to is defined as 



r da , , 

t-to= I — , (32) 



ao 



where Oq is the present value of the scale factor. Substituting u = Uq ai 
t = to in Eq. fl20|) . we have 

ao = C33^^. (33) 
The redshift variable z in terms of scale factor is defined as 

l + z=^. (34) 
a 

Equation (fT9|) yields the following expression for time t 



t = — ; — - 1 - + ^ (35) 

uHo{e - 6) V H ) uj ^ ' 



which implies that 



t-to= .. (l-^Vf--l)^o. (36) 



uHoi^e - 6) V H J \u 
Using Eqs.([20]), (jSS]) and (jM]) in (I36]), it follows that 

which is the lookback time. When z — > oo, the value of lookback time or 
radiation traveled time for the early universe becomes 

*-'»~«j^b6) + (ir-i)'» 

and for late times, i.e., z — > —1, it turns out to be 

3^(1 + ^)^ , , 

uj{Q - e)Ho 
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4.2 Proper Distance 

The proper distance between a source and observer is given by 

, n da dt 

d= — = ao -. (40) 



Using Eqs.(l20]), (EID and (ESj), this turns out to be 

^ , Nil Lo(e — (}) 

= 3-0(1 + .)^^^ 3 

i/o (3 + c^(e - 6)) Ho{3 + cuoie-6))' ^ ' 

When e = 6, it reduces to 

-no -no 

For the early universe, d — > oo while for late time universe, we have 

"--i/oP 6))- 

4.3 Luminosity Distance 

The luminosity distance is defined as 

where L is the total energy emitted by a source per unit time while / is 
the apparent luminosity of the object. Luminosity distance is an important 
concept of theoretical cosmology. This is a way of expanding the light coming 
from a distant object. It is not the actual distance because inverse square 
law does not hold in real universe. To calculate the luminosity distance the 
inverse square law of brightness is generalized from static Euclidean space to 
an expanding curved space by the following expression 



dL = d{l + z). (45) 
Substituting the value of d from Eq. fl41l) . it follows that 



_ 3^(l + .)^+^ 3(1 + .) 

^ /7o(3 + a;(6-6)) i/o(3 + u;o(e - 6)) ' ^ ^ 
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This is the required expression for luminosity distance. In this model, the 
luminosity distance depends on the value of e and u. If e = 6, we obtain 

dL = ^^^'\l + zf -{l + z). (47) 

For early inflationary epoch, i.e., z — V oo, this does not remain finite while 
for late time universe, i.e., z — > —1, this tends to zero. 



4.4 Angular Diameter Distance 

The angular diameter of a light source of proper distance D observed at time 
t = to is defined by 

S - (48) 

where the angular diameter distance dA is defined as the ratio of the source 
diameter to its angular diameter, i.e.. 



dA = ^ = dLil + z)-^ 





(49) 



which can also be written as 



dA = dL{l + Z)-^ = d{l + Z)-^ 



dj 



(50) 



This indicates the relationship between angular diameter distance and lumi- 
nosity distance. Using Eq.( H6|) in poj) . we have 



dA 



— / t^(e-6) 
3'^0(1 + Z 3 



3(1 + z 



1-1 



i7o(3 + u;(e-6)) //o(3 + u;o)(e - 6) ' 



(51) 



Notice that the value of angular diameter distance is maximum at Zmax given 
by 



32 -,{2 + uj{e-Q)) 
u;(6-e)(2 + u;o(e-6)) 



3+ij{e-6) 



- 1. 



(52) 
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5 Conclusion 



This paper is devoted to solve the field equations for KK cosmology by vary- 
ing G and A with respect to time. For the case h.{t) — eH"^, we have solved 
the field equations and also determined the values of some geometrical and 
physical parameters. It is shown that all the parameters depend upon e, t 
and u. In particular, we have explored the two cases, i.e., e = 6 and e > 6. 
For e = 6, we have obtained the following results: 

• Here H — constant for all time which is not possible. 

• The deceleration parameter is equal to —1 being H — 0. 

• The energy density and pressure become zero. 

• The statefinder pair (r, s) turns out to be (0, |). 

• The expansion scalar vanishes indicating that there is no expansion. 

• The lookback time is divergent. 

The case e > 6 provides consistent results with current cosmological ob- 
servations. In this case, we have evaluated all the physical and geometrical 
parameters for dust, radiation and stiff matter dominated eras. It is found 
that in these eras a{t), pit) and G{t) diverge when t ^ oo whereas A(t) and 
© vanish. This shows that the KK universe becomes static at later time. 

We have also investigated lookback time and observable distances, i.e., 
proper distance, luminosity distance and angular diameter distance. It is 
found that all these distances depend upon e, t, u and the redshift variable. 
The maximum angular diameter distance is also indicated. 
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